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^ , Abstract. We consider the problem of uniqueness of positive solutions to 

: (P) -ApU = K{\x\)f{u), p>l, 

in R", where ApU := drv{\V u\^~'^\7u). Here 7^ is a positive function defined in R"*" 
and / £ C[0, oo) has one zero at uq > 0, is non positive and not identically in (0, uo), 
and it is locally lipschitz, positive and satisfies some superlinear growth assumption in 
(mo,oo). 

> 
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59 . 1. Introduction and main results 

O 

■ The problem of uniqueness of radial ground states of the equation ApU + f{u) = and 

- of various related equations has been studied with great detail during the last decades, 



; see for example the works of 0, H, 0, 0, 0, CSI, CHI, [EI, 1201, EH, 123, and [SU 

■ among others. In E2|, a first step in the study of the uniqueness of radial ground states 

^ , and various qualitative properties of solutions of 

, (1.1) -div{A{\x\)\Vu\P-^Vu) = B{\x\)f{u), x € M", n > 1, 

1 4- 

^ • where p > 1 and A, B are positive C functions defined in M+, was accomplished. (A 

^ nonnegative solution of Hl.l|) which tends to as |x| — > oo is called a ground state 

solution). This was done for the case of a suhlinear f but under considerably mild 
assumptions on / near the origin. 

Very recently, in the case of p = 2 with a superlinear f in ()1.1() , was considered 
at the cost of imposing a stronger growth condition on the weight functions and a con- 
vexity condition on /. Following the ideas in [S], [7], in this paper we will establish the 
uniqueness of radially symmetric ground state solutions of 



-Apu = K{\x\)f{u), xGM", n>p>l, 
>0, u^O, X G M", 



^^•^) u{x) > 0, M ^ 0, X G M", lim u{x) = 0, 
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as well as the uniqueness of positive solutions to 

-Apu = K{\x\)f{u), xeBR{0), n>p>l, 
u{x)>0, xeBR{0), u{x)=0, \x\ = R. 

We are also able to deal with the corresponding homogeneous Dirichlet-Neumann free 
boundary problem 

-Apu = K{\x\)f{u), xeBniO), n>p>l, 

(1-4) du 

u{x)>0, xeBniO), u= — =0 on 95^(0), 

which can be seen as a particular case of either (|1.2|) (compact support solution) or H1.3|) , 
see section |SJ 

We will assume that K : R"*" M"*" is a positive function satisfying 

rK'(r) 

(Ki) The function r — > p H — is strictly positive and decreasing in (0, oo), 

K[r) 

and that the function / : [0, oo) — > M satisfies 

(/i) /(O) = 0) and there exists uq > such that f{u) > for u > uq, and f{u) < 0, 
f lu) ^ 0, for u G (0,no). 

1/2) / is continuous in [0, 00) and locally lipschitz continuous in [uo,oo), 
Under assumption (/2), / is a.e. differentiable in [uo,oo). Denoting by D the subset 
of [uo,oo) where /' exists, we will assume the following superlinearity and convexity 
conditions: 

(/s) {P - l)/(n) < f{u){u- no), for all u G D, 
if 4) The function u — > ^ ,^ ■} is decreasing in D. 

fw 

In the case of radially symmetric solutions, problems ()1.2|) and (|1.3|) take the forms 

-(r"'VpK))' = r"^^i^(r)/(n), r > 0, n > 2, 
^^'^"^ u'{0) = 0, lim n(r) = 0, u{r) > for r > 0, 

r— >oo 

and 

-(r-Vp(^^'))' = ^""'^W/N, ^>0, n>2, 
n'(0)=0, n(i?)=0, -(/(r) > for r G (0,i?), 

respectively, where we have denoted 4>p{s) := |s|p~^s, 0(0) = 0. Also, by a solution to 
the equation in (|1.5jl . (|1.6j) . we mean a function n G C"'^[0, 00) such that r'^~^(j)p(u') G 
CMO,oo). 

We state next our main results. 

Theorem 1.1. Assume that f satisfies (/i)-(/4), and that the weight K satisfies [Ki). 
Then problem H1.5|) has at most one nan trivial solution. 

Theorem 1.2. Assume that f satisfies (/i)-(/4), and that the weight K satisfies [Ki). 
Then problem has at most one non trivial solution. 

Our work wih follow the ideas in 0, [H, 0, [7], 0, [H, HOI and [H]- That is, we 
will consider an initial value problem associated to the equation in H1.5|) or H1.6|) . and 
study the behavior of the solution and its derivative with respect to the initial value. 
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The work in |22] was done in the case that the radial version of (|1.H) . that is 
(1.7) - {a\u'\P~\y = b{r)f{u), r > 0, n > 1, 

(with the obvious notation a(r) = r"~^^(r), 6(r) = r"~^i?(r)) could be transformed, via 
a diffeomorphism r = r{t) of M^, into the form 

(1-8) -{q{t)\vtr^vt)t = q{t)f{v), t > 0, 

that is, to a problem having the same positive weight function q at both sides, and that 

qt > 0, — strictly decreasing for t > and lim — = — 1 > 
q t^0+ q 

for some € M. This requires that the functions a, b satisfy the assumptions 
m) ib/a)'/P eL\0,l)\L\l,oc), 

{W2) f~~" "I — 7t) (t) strictly decreasing and positive in M+, 



a p' b . 

(p' = p/ip — 1)) and there is A^ > 1 such that 



{W3) lim + -T T / - ds = N-l. 

r^o+\p a p'bJKbJ Jq \aJ 

Clearly, our assumptions n > p and (Ki) imply that K^^p G L^{0,1) \ L^{l,oo), 
r rPK{r) is strictly increasing, implying that (Wl) — {W2) are satisfied, and also that 
the function r rK{r) is in -L^(0, 1). 

We note also that our results will cover the uniqueness of ground state solutions to 
H1.7|) . when a, b : (0, oo) M are positive functions satisfying 

(wi) a^'P' G Li(l, oo) \ Li(0, 1), (so that h : r ^ a^-P' {t)dt is well defined) 
■la' 1 b'\ h 



iw2) I 1 — :-r TT7T is decreasing in (0, oo), 

\p a p' b J \h'\ 

• , V 1 h 

with hm h —-r 7777 >p-l. 

r-*oo \p a p b / \a \ 

Indeed, we can make the change of variable 

t ■= (/i(r))-(P-i)/(^-P), v{t) = u{r), 
where A^ > p is arbitrary, to transform H1.7() into 
(1.9) -{t^'^<P^{vt))t = t^-^K{t)f{v), t>0, N>p, 

where now 

K{t) = ( ^)PaP-\r{t))b{r{t))h^^^^{r{t)), 

p — 1 

thus 

P+'-i^=p'^(C-^- + ^'-)^-{p-r 

K{t) ^ p-l\\p a p' b) \h'\ ' 
Then, in view of assumption {W2) we see that K satisfies (i^i). 

Our work is organized as follows. In section [21 we introduce some notation and list 
some general properties of the solutions to the initial value problem associated to (|1.5() . 
In section |21 we define an energy-like functional and establish a monotonicity type of 
result, which is the key to prove our uniqueness theorems. Then in section |1J we establish 
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several monotone separation results and prove Theorems 11.11 and 11.21 In section we 
make a remark concerning the support of a ground state solution and we give some 
examples to illustrate the type of weights that we are considering. Finally, there is an 
appendix where we prove a basic result concerning the existence of the derivative of u 
and u' with respect to the initial data. 

2. Preliminary results 

The aim of this section is to establish several properties of the solutions to the initial 
value problem 

TL — 1 

^2^^ {Mu))\r) + ^—cPpiu'ir)) + K{r)fiu)=0 r > 0, n > p, 

u(0) = a u'(0) = 0. 

for a G (0,cx)). Local existence and uniqueness of solutions to (|2.1() under assumptions 
(/i)) (/2) and (i^i) (in fact only under the assumption rK G L^(0, 1) for the weight K) 
can be proved as in the appendix in j22j . so we omit proving it. 
We will use the equation in ()2.1|) written in any of the three forms 

(2.2) = -r^-'K{r)f{u) 

(2.3) = -u'!^^Mu') + Kir)fiu) 

(2.4) = ^WfH- 

u' r (Pp[u ) 

As usual, we denote by u{r,a) a solution of (|2.1j) . Let us set F{s) = Jq f{t)dt and 
define the functional 

\ii'(r n)\P 

(2.5) E{r,a)= ^ )^ > +F{u{r,a)). 

p' K [r) 

A simple calculation yields 

d , , |u'|P /n — 1 rK'(r) 

2-6 —E{r,a) = - / ' J TP + 

or p'rK{r)\p—l K[r) 

\ur 

+0+ 

we may apply L'Hopital's rule to compute it: 

i^np-i ^n-u^np-i p'rK^/P(r)f(u(r)) 
hm — , , , , , = hm —. — -r — , , , , , = hm tttt^ — = 0. 

^ ' ^ ' p-lf ^ K{r) 

It follows then that if a < uq, then E[r, a) < for all r > 0, and thus there cannot exist 
< -R < oo such that u{R,a) = 0. Since we are interested in solutions to H1.5() or 1)1. 
we will assume that q > -uq- 

It can be seen that for a G {uq,oo), one has u{r,a) > and u'{r,a) < for r small 
enough, so we can define 

R{a) := sup{r > | u{t,a) > and u{t,a) < for all t G (0,r)}. 

Hence, for a given a G {uq, oo), there is a unique solution u{r, a) defined in [0, R{a)), 
and this function and its derivative are continuous functions of a. Also, u{r, a) is invert- 
ible in [0, R{a)) and we denote its inverse by t{s, a). 



and therefore, as n > p, we have that E is decreasing in r. Also, lim exists and 
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Some immediate properties of the solution of (|2.1j) are the following: 

(i) lim u{r,a) exists. (We denote by u{R{a),a) this limit). 

(ii) u{R{a),a) < uq. 

(iii) If R{a) < oo, or if R(a) = oo and u{R(a),a) < uq, then lim u'{r,a) exists and 

it is finite. (We denote by u'{R{a),a) this limit). In the second case it is also satisfied 
that lim r\u'{r,a)\ = 0. 

r— >oo 

The first property is clear, so let us first prove (ii). Assume by contradiction that 
u(R{a),a) = 7 > uq- Then 

r''-^\u'{r,a)\P-^ = f e-^K{t)f{u(t,a))dt > C f {-f)r'^ K (r) 
Jo 

for some positive constant C and r sufficiently large, where we have used that 

lim — — lim TTTT^ TTTTT = 1™ F77T > 

r— >oo r^K\r) r— >oo nr" K{r) -\- r^K yr) r— >oo „ i ^£M£j 

K(r) 

since n > p and P + f-j^^ is strictly positive and decreasing in (0, oo). Hence, as rPK{r) 

increases, rP~^\u'{r,a)\P~'^ > Co > for some positive constant Cq, contradicting the 
integrability of u' near infinity. 

In order to establish (iii), we observe that ii < u{r, a) < uq for < ri < r < R then 
from ()2.2() we have that 

-(r"-VT"^^')' = r''-^K{r)f{u) < for n < r < R, 
implying that r'^'^^\u'\^^^ decreases for ri < r < R and hence lim r"~^|n'|^~^ exists. We 

r^R 

may call it A, A > 0. As n > p, when i? = oo we have 



j,n-l|^/lp-l 



p'-l 



lim r\u'\ = lim ^_ = 0, 

r^oo r^oo ^ 

implying also that u' — > 0. It only remains to examine the case n(r, a) > uq for all 
r G (0, i?(a)). From (|2.2|) we have that if r < R{a) then 

n-l 



r"->'(r,a)|P-^ = / t''~'K{t)f{u{t,a))dt 
Jo 

This is not possible if R{a) < oo since the right hand side of this equation would be 
strictly positive and u'{R{a),a) = 0, by definition of R{a). We have then that R(a) = oo 
if u(R{a), a) > uq. 

Following [^, 1^ we define now the sets 



J\f = {a > Mo 
g = {a > Mo 
V = {a > Mo 



u{R{a),a) = and u'{R{a),a) < 0} 
u{R{a),a) = and u'{R{a),a) = 0} 
u{R{a), a) > 0}. 

If a G M, we will refer to m(-, a) as a crossing solution, and if a G ^, we will refer to 
u(-,a) as a ground state solution. 
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Minor changes in the proof of Lemma 2.1] yield: 
Lemma 2.1. J\f and V are open sets. 



Further properties of the solutions are the following: 
If a G AA then R{q) < oo and E{R{a),a) > so 

Eir,a) = E(R(a).a) + l L^L |_p + * > for r . (0, 

Let now a £ Q. Since lim r|u'(r)| = and r^Kir) increases, we conclude that 
lim Eir, a) = and thus 

rR{<^) \u'{t,a)\'P {n-l K'(t)^ , , 

Finally, if a G "P we have that E{R[a\a) = F{u{R{a), a)) < since lim ^ — ^j, ^ — 

exists and equals zero. Indeed, this limit exists because E{r, a) has a limit when r — > 
R{a). This limit is clearly equal to zero if R{a) < oo. In the case that R{a) = oo and 
using that 

\u'(r)\P , rP\u'\P 
lim , = lim 



K{r) r^oo rPK{r) ' 

we conclude, as rPK{r) is increasing and converges to a positive limit or to infinity when 
r oo, that it must be equal to 0. (Otherwise, liminf r|n'(r)| > 0, contradicting the 

r— ►oo 

integrability of u' near infinity). 

Let ro(a) denote the (unique) value of r such that u{r, a) = uq. Clearly, ro(a) is finite 
for a € ^ U AA, and it could be that ro(a) = oo for some values of a gV. The following 
lemma will be proved in the appendix: 

Lemma 2.2. Under assumptions {Ki), (/i) and (/2), and for every a € {uq,oo), the 
functions u{r, a) and r^^~^(j)p(u'{r,a)) (actually K^^/p' {r)(j)p{u'{r, a))) are of class in 

= {(r, a) : aG(MOiCXD) and r € [0, t(uo, a))}. 

For r G (0, t{uQ,a)), we set 

Then, ip satisfies the linear differential equation 

{p-l){r'^-^\u'{r,a)\P~^(p'ir,a)y + r''-^K{r)f'{u)f{r,a) =0, r > 0, n > p, 
^^•'^^ ip{0,a) = 1, f'{0,a) = 0, lim r^-'^\u'{r,a)\P-^ip'{r,a) = 0, 

and the relation ip'{r,a) = ^(r, a), r > 0. Also, in case that ro(a) < oo, both ip{r,a) 
and r'^~^\u'{r,a)\P^'^ip'{r,a) can be extended continuously to 

= {{r,a) : a£{uo,oo) and r € [0, t(no, a)]}, 

and the extension of ip'{r,a) is the left derivative with respect to r of ip{r,a). 
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3. Basic monotonicity results 

In order to prove our results, we divide our analysis into two parts. First, it is shown 
that if «! € ^ U A/" and 02 > uq are such that the corresponding solutions ui, U2 satisfy 

• t2iuo) < ti{uo) 

• t2{uo)\u2{t2{uo))\ > ti{uo)\u[{ti{uo))\, 

where ti and t2 denote the inverses of ui and U2, respectively, then R{a2) < R{ai) and 
R{a2)u2{R{a2)) < R{ai)u'i{R{ai)), where the last expression is to be understood as 
a limit when R{ai) = 00. This implies in particular, that 02 € M, and u'2{R{a2)) < 

Analogously, if ai G Q and 

• t2{uo) > ti{uo) 

• t2iuo)\u2{t2{uo))\ < ti{uo)\u[{ti{uo))\, 

then n2(-R(a2)) > and thus 02 G V- 

This directs our attention towards the function ro(a) = t(uQ,a), and to the function 
ru' when u reaches uq. The second part of this work consists in proving that ro(a) is 
decreasing and that ro(a)|n'(ro(a), a)| increases with a near a, when a is the initial 
value of a ground state or a crossing solution. It shall be seen that 

Oroja) ^ y(ro(a),a) 
da |u'(ro(Q), a)| 

and 

roia)p-^ —ro{a)u'{ro{a),a) = — \rp-^(p{r,a)\ 

Oa or I ) r=ro(a) 

Therefore, it is natural to analyze carefully the zeros of the function ip{r, a) for a near 
a. 

These two results combined together lead us to a monotone separation type of result 
that will finally yield the desired uniqueness theorems. 

As mentioned in the function ip{r,a) and the idea of studying its zeros first ap- 
peared in the work of COFFMAN 4 . As we are studying the function ru' , the func- 
tion r\u'{r,a)\/u{r,a), which was proven by KwONG |13j to be increasing in r for 
r G (0, ro(a)), will play an important role. 

Finally we mention that since all the differential equations that we are given are of 
the form 

(r"-v'r"V)' = ew 

for an appropriate function ^, and v any among n, u' , ip, the following identity 

[r \u \' [V w — vw )) = [r \uy^ v ) w — [r \u\^ w ) v 

will prove to be crucial as it will allow us to obtain information about v'w — vw' , which 
will be especially relevant when any of v, v' , w, or w' is equal to 0. 

3.1. Behavior of the solutions below uq. 

Proposition 3.1. Let ai ^ Q Uj\f, and let 02 > uq. Let ti and t2 denote the inverses 
of u{r,ai), and u{r,a2) respectively. If 

t2{uo) < ti(no) < 00 and t2{uo)\u'2{t2{uo))\ > ti{uo)\ui(ti{uQ))\ 

then U2{R{oi2)) = 0, and 

t2{s) < ti{s) and t2(s)|4(*2(s))! > ti{s)\u'^{ti{s))\ for s £ [0,Uo). 
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Conversely, if 

h{uo) < t2{uo) < oo and t2(^io)k2(*2(^^o))l < hiuo)\u'iiti{uo))\ 

then 

t2{s) > ti{s) and t2(s)h2(*2(s))| < ti{s)\u[{ti{s))\ for s G [u2{R{a2)) , uq) . 

Remark. We note that when s = in the first statement of the proposition, the 
conclusion should be read as R{a2) < oo and R{a2)\u2{R{oi2))\ > 0. 

Proof. Let us define 

Hs)= r fmm{h{o)dc 

Jo 

and 

I{s, a) = tP{s, a ' ^ ^ ' /' ^1 + F{s) 

p 

We observe first that F(s) is well defined: indeed, since lim ru\ (r) = 0, it follows 

r^H(ai) 

that r^~^\ui{r)\^~^ is bounded and thus rP~"'^|ti']^(r)[^^^[ii'(r)[ G L^{0, R{ai)). Using now 
that from equation (|2.3j) we have that 



/ fmm{h{0)d^ = / rPK{r)f{m{r))\u[{r)\dr 

Jo Jti(s) 



pi 



+ {n-p) / rP-^\u[{r)\P-^\u'{r)\dr, 

ti{s) Jti(s) 



our claim follows. 

Using ()2.3() again we have that 

-^I(s,a) = (p-l)t'(s,a)tP~\s,a)\u'(t(s,a),a)\P 

OS 

t'{s,a) + f{s)tl{s)K{t,{s)) 

or I p J r=tis,a) 

= {p- l)tP-Hs, a)Mu') - tP{s, a) I + fis)K{tis, a)) 

+fis)tlis)K{h{s)) 

= -{n-p)tP-\s,a)<Ppiu') + fis){tPis)K{his))-tPis,a)K{tis,a))} 

Evaluating at a = a\ we have: 

d_ 
~ds 

Besides, 



-I(s,ai) = [n-py-\s)\v:^{iM)r^ > 



/(0,aO=i?(air^^i^*i^+0>0 

p' 

(if R{ai) = oo this continues to be true), and hence 
(3.1) l(s,ai)>0 VsG(0,ai) 
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Let us assume, for contradiction, that there exists si E [0, mq) such that t2{s) < ti(s) 
for all s £ (si,uo) and t2{si) = ti(si) < oo (in case that t2{uo) = ti{uo), since 

t2{uo)\u2{t2iuo))\ > ti{uo)\u'i{ti{uo))\ 

then t2{s) would be strictly less than ti{s) for s in a neighborhood below uq). When 
s ^ sf we have 

^2(5) - t2isi) ^ ti{s) - ti(si) 
s — Sl s — Sl 

so t2{si) < t'i(si) and 

t2{si)\u',{t2{s^))\ = < = h{s,)\u[{h{s,))\ 

(the case t'i(si) = —00 is also being considered here). Thus the existence of s E [0,uq) 
such that 

I{s,a2) > I{s,ai) > for s E (s, no] 
(3.2) I{s,a2) = I{s,ai) >0 

t2{s) < ti{s) for s E [s, no] 

follows. If instead of the previous case we have that ^2(5) < ti{s) for all s E (0,no), ui 
and U2 are defined in (0, 00), and both ni(r) and U2{r) tend to zero when r — > 00, then 

lim I{s,a) = lim r\u'{r,a)\ = 

s^0+ r->oo 

for both a = ai and a = 02, so we may choose s as the value of s where 

02) > /(C, ai) for all ^ E [s, no] 

ceases to be true. This can also be done if 02 is not in Q nor in M and t2{s) < ti(s) for 
s E (n2(i?(a2), no), as in this case we have that 

t2(n2(i?(a2)))|n'2(i?(a2))| = < h{u2iR{a2)))\u[iR{a2))\. 

Finally, we observe that if 02 E ^ UM, ^2(5) < ti{s) for all s E (0,no) and condition 

t2(s)|n'2(t2(s))| > ti(s)|n;(ti(s))| for s E [0,no) 

is not satisfied, then again it can be found s such that (|3.2|) holds. 

From relation (|3.2() we see that we can well define, for s E (s, no], W{s,a) = I{s,a)p 
for a = ai and a = 02, that W{s, 02) — W^(s, ai) is positive at s = no and equals zero 
at s = s. Nevertheless this is not possible because W{s,a2) — W{s,ai) decreases for 
s E [s, no]. Indeed, 

d 1 f _ 1 5 _ 1 9 

— {W{s,a2)-W{s,ai)} = -<I{s,a2) ^ —I{s,a2) - I{s,ai) 7 —I[s,ai] 

OS p I OS OS 



n — p 
P 



f2-\s)K{t2{s))r' e,-\s)\u[{h{s))r' 



{qis)K{t,is)) -f,is)K{t2is))) . 

Pl{s,a2)p' 
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Concerning the first term, using the identity p — 1 = ^ we have 

[t2\u',\r-' [ti\u[\r-' 



1 1 



1 F \ ^ fl F \ ^ 

since ^21^2! > ti\u'i\ and F{s) < for s < uq. 

With respect to the second term, as r^K{r) is increasing and since t2{s) < ti{s) we 

will have that /(s) ^^^-^('")|*=t2(s)) — ^ because f{s) < for s < uq. This completes 
the proof of the first part of the proposition. 

In order to proof the second part of the proposition assume for a contradiction that 
there exists s G [u2{R{a2))-,UQ) such that 

1(5,02) < I{s,ai) for s G (s, mq] 
(3.3) I{s-,a2) = I{s,ai) 

i2{s) > ti{s) for s G [s,Uo] 

Since 

§-Jis,a2) = (n-p)tri(.)|n'2(.)ri + /(.){t?(s)i^(ti(s)) -tf(s)i^(t2(.))} > 

for s G {s,Uo) and /(s, 02) = /(s, ai) > then ^^(5,0:2) is well defined for s in that 
interval. From relation 1)3. 3(1 we obtain that 1^(5,02) — W{s,ai) would be negative at 
s = uq and equal to zero at s = s, and this is not possible since W{s, 02) — W{s, ai) is 
increasing in [s, mq]- Indeed, 

d 1 f _ 1 5 - 1 9 

— {W{s,a2)-W{s,ai)} = -{I{s,a2) ^ —I{s,a2) - I{s,ai) ^— /(s,ai) 

OS p [ OS OS 



tr\s)\u'2{t2{s))r' e,-\s)\u',{h{s))r 




n — p 

p 



+ 1_L^1L_ (tP(,)K(t,(.)) - e^is)K{t2is))) 
Pl{s,a2y 

The first term will be positive since F{s) < and t2im < ^il""!!) and the second term 
will be positive since t2{s) > ti(s) and f{s) < 0. This completes the proof. □ 

3.2. Behavior of the solutions above uq- We begin the second part of this work by 
noting that if u satisfies (|2.2|) and we set 

v{r) := ru'{r) + cu{r), 

where c is an arbitrary constant, then using 1)2.41) we have 

/Q^^ ^ f ri-p \ , I f{u) 
(3.4) V [r) = I c u (r) -rK{r) 



p—lj 1 |u'(r)|P 2 
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Using now (|2.2j) we have 
(p- l)(r"-i[u'|^'-V)' = -(c(p- 1) - (n-p))r"-ii^(r)/(n) - (r'' K (r) f (u))' 

(3.5) = -r''-^K{r)f{u) |c(p - 1) + ( p + r^^^) + rn'(r) ^'^""^ 



K{r) ) ^ ^ jiu) 

Next we prove the following lemma. In what follows we denote ro(a) for r{uQ^a). 

Lemma 3.1. Let a (z Q UAf. Then ru'{r)/u{r) is strictly decreasing in (0,fo), where 
u{r) := u{r, a) and fo := ro(a). 

Proof. As in and [Zj, we set w{r) = ru'{r). Then 



ru 



u 



(r) = uw'{r) — wu'{r) 



and it suffices to show that wu' — uw' is positive in (0,ro). Let r € (0, tq). It is easily 
seen that 

{p - l)r"-V|P-2(W(r) - W(r)) 
{{p - l){t'''^\u'\P-\'yw -{p- l){t'''^\u'\P^^w'yu}dt 

and since w{r) is a particular case of the function v{r) defined above (where c = 0), 

, /' (^) 



{p - l){r''-^\u'\P-^w'y = -r''-^K{r)f{u) ^{p + r^^^ + w{r)^ 



Therefore, 

{p-l)r''-^\u'\P-^{wu'{r)-uw'{r)) = r f"'^ K{t)w{t){u{t)f' (u) - {p-l)f{u))dt 

Jo 



+ / t^~'K{t)fiu)uit) ( p + ) dt 



Kit) 

t^Kmuf{u))' -pf{u))dt + j\^-^K{t)f{u)u{t) (^p + t^^ dt 
Let us define 

then we have 

eK{t){{uf{u)y-pf{u))dt 

= r^K{r){uf{u)-pF,{u)) - e-^K{t)uf{u) (^l - pE^^ (^n + t^^ dt 
and hence 

(p - l)r"-i \u'\P-^{wu'ir) - uw'ir)) = r''K{r){uf{u) - pFo{u)) 
(3.0) +£*»-.A-(,W(„,|,^«W(„ + *||) 

Clearly, the hypothesis f'{u){u — uq) > (p — l)f{u) for u > uq implies that 
(3.7) pFoiu) < f{u){u-uo) iiu>uo, 
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SO it remains only to show that 

(3.8) r-'K{t)uf{u) (n + _ (n - p) I > for r G (0, fo) 
Set 

We see first that evaluating at r = tq equation (|3.6I) becomes 

(3.9) {p-l)fS''\u'{ro)rHwu'{fo) -uw'iro)) = / t^-'K{t)u{t)f{u{t))G{u{t))dt 

Jo 

On the other hand, using 1)3. 4() we obtain that w'{fo) = — -^rf ""'(^o)) that is, 
W(fo) - uw'{ro) = - \u'{ro)\ _ ^ uq + ru{ro)^ 

Using (|3.4() once again we obtain 

d ( n - p , , ,1 rKir) f(u) ^ ^ 



dr\p — l J p—1 \u'\P ^ 

for r G (fo, R{a)), and since a G U we must have 

71 — p 

lim u{r) + ru'ir) < 0, 

r^R{a) p—1 



implying that 

' n — p 



uq + rn'(ro) ) < 



^p — I 

so wu'{fQ) — uw'{fQ) > and from (|3.9|) we see that G cannot be everywhere negative 
in (uo,a). Relation (|3.7j) shows us that 

< hm < hm (s - uq) = 

and since n > p and n + t(s, a) ^j^j^g'^-j^ is strictly positive we know that G(tio) = 
— {n — p) < 0. Finally, we observe that 

By hypothesis, ^77^ decreases when s increases, so s/(s)— Fo(s) ( 1 + ^ttt ) is increasing 



in s and equals zero when s = uq, implying that 7j|fy is increasing in s. n+t{s, a) ^('f (s^,',;)^) 
is increasing too, since n > p, so G{s) is increasing in s. We conclude the existence of 
si G (uo,a) such that G{si) = 0, G{s) < for s G (tio,si) and G(s) > for s G (si,a). 
Now, if ii(r) > si then (|3.8j) follows. If n(r) < si then 



> r-A-,tww|pfM(„ + *||l)-(„-p)H* 

= (p - i)fr'i'''('=o)r"'(i»«'('=o) - w(f„)) > 0, 
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and thus the lemma follows. □ 

4. Monotone separation results and proof of the main theorems 

We begin this section with our first monotone separation result. 

Theorem 4.1. If a ^ Q U N then ro(a) is decreasing and ro(a)M'(ro(a), a) is strictly 
decreasing in a neighborhood of a. 

Proof. From the relation u(ro(a), a) = uq we obtain 



(4.1) 

da u'(ro(a),a) 

On the other hand, using equation (|2.4|) (which is simplified because it is evaluated at 
r = ro(a) so that the term containing f{u) disappears) and computing directly it follows 
that 

(^•2) -^{ro{a)u'{rQ{a),a)} = -ip{rQ{a), a) + ro(a)(/3'(ro(Q), a). 

For r G (0,ro(Q;)) we have 

{p - l)(r"- - ^o) = {{P - l)r"- VT"V(^ - ^^o)}' 

-(p-l)v9'r"-Vp(n') 
= (P - \u'\P-^^'{u - u^) - (^r"- Vp(n')}' + (p - l)(^(r"- Vp(n'))' 

= {p- l){r^~^\u'\P-\^\u - no) - ^u']}' - {p - l)r^-'Kf^, 

and therefore we have from equation (|2.7|) that 

(4.3) (p - l){r"-i \u'\P-^[ip'{u - uo) - ^u']}' + r^-^K^[f' {u){u - uq) -{p- l)/(n)] = 0. 
In particular 

pro 

(4.4) (p-l)r^VMrV(r-o,a)+ / r^-^K^[f' {u){u - uo) - {p - l)f{u)]dr 

Jo 

and this is valid for every a (not only for a). For simplicity, we will write tq = ^0(0), 
^0 = i^o{<^) and ip{r) = ip{r, a). We know, from (|2.7I) that (/?(0) = 1. Assume that ip{r) > 
Oforr G (0,fo). Since, by hypothesis (/s), f'{u){u-uo)-{p-l)f{u) >OforueD, 
yields if{fo) = (implying immediately that ^'{fo) < 0) and f'{s){s—uo) — ip—l)f{s) = 
for s £ {uQ,(5i). Replacing in (|4.2|) we have, in particular, that ■^{ro{a)u'{ro{a),a)} < 
at a = a. From 1)4. 4() we deduce that ip{rQ,a) = when a is close to a but less than 
a, and ip{ro,a) < if a > a because u{r,a) G {uo,a) except for r G (0,t(a,a)), where 
(p(r, a) is positive as a) = 1 for all a and ip is continuous. Hence we conclude that 
^ < in a neighborhood of a. 

The case when ip has a first zero ri in (0, fo) is more difficult and must be treated differ- 
ently. The idea is to show that ri is the only zero of 99 in (0, fo], implying that ^{fo) < 
(which immediately yields ^(a) < 0), and that also ^^E^^{ro, a) + fo(p'{fo,a) < 0, 
yielding again ^{ro(a)u'(ro(a), a)} < 0. Here we will make use of our Lemma 1X11 



0, 
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Let US set as before v{r) = ru'{r) + cu{r), where u{r) denotes u{r, a). From equation 
(|3.5j) we see that v satisfies 

(4.5) {p - l)(r"-i \u'\P-'^vy + r''-^K{r)f'{u)v = r"-iO(r) 

where 

K'{r)\ uf{u) 



n{r) = -K{r)f{u) |c(p - I) + [p + r-^^^^ j ^ ^^^^ 
0(r) can also be written as 

ii(rj = —A [r)j (u) < { p + r — c — cuq- 



K{r) J f{u) f{u 

il(ri) would be negative if c = 0; By hypothesis, 

nu{n)){u{n) - no) -{p- i)f{u{n)) ^ 

if c > because ri G (0,fo); and since ""oy^T^^ is positive, the expression 

K'in) f'Hn)) 

Kin) f[u{ri)) 

can be made negative if we choose c large enough. Therefore there exists c > such that 
rj(ri) = 0. Since, by the hypotheses imposed on K and on / 

c(p-l)+(p + r^]-c^^^!^I^ 

is decreasing in r, we have that ^}{r) is negative in (0,ri) and positive in (ri,fo). 

Using relations (|4.5)) and (|2.7|) we see that 

(p - ly^'-^lu'lP-^iipv'ir) - Vip'{r)) 

= (p-i) r {{r-^\u'\p~\'yip - {e-^\u'\p-\yv}dt 

Jo 

= f {-t''-^K{t)f{u)v{t) + e-^n{t)}ip{t)dt+ [ e~^K{t)f{u)ip{t)v{t)dt 

Jo Jo 

e-^nit)ip{t)dt 



We conclude therefore that 
(4.6) ip{r)v'{r) - v{r)ip'{r) < 

for all r in (0, ri], and also for r in (ri,fo] as long as ip{r) remains negative in (ri,r). In 
particular 1)4. 6() is true for r = ri, so we have that v{ri) is necessarily non positive. Now 
we can show that (p{r) has no zeroes in (ri,fo], because if otherwise there would be a 
first zero r2 after ri, for which we should have, according to (|4.6|1 . that v{r2) > 0. But 
since ru'{r)/u{r) is strictly decreasing in (0, fo), 

, N / ru'(r) \ , ^ / rin'(ri) \ u(r) , , 
vir) = u(r) — + c < u(r) — + c = -^---v(ri) < for r > ri. 
V '«(^^) / V '^{n) ) u{ri) 

We can finally prove our theorem. We have that ^{tq) < so we already have proven 
the first part of the theorem. If we had also that ^'{fo) < then we would be ready, so 
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lets assume '^'{fo) > 0. This can only happen if c < • Indeed, if c > -^^f > then, as 
can be seen in equation (|3.4() we would have 

V [r) = c n (r) -rKir) , , , ,. — ^ < -rKir) , , , ,. — ^ < 

for all r G (0,fo). Since i'(fo) < 0, if </?'(ro) > relation ()4.6p would be contradicted. 

Hence we shall assume that c < ^-iid that V''(^o) > 0. Since H4.6|) holds for all 
r G (0, fo), by using (|3.4|) we have that 

hence letting r ^ f o we obtain that 

On the other hand, 

n—p i_ n—p ,_ ,N / n—p 



p — 1 



■y(ro) = c(rou{ro) + ^^^^ — 7'w(?'o)) - ( c - ^^^^ — 7 ) ron'(ro) 

p— 1 ' \ P — ^ J 



f n- p \ _ ,,_ . 
< ~\^~ '^~[ J '^ou (ro) 

because fou'(fo) + ^rf^(^o) is negative when a G Q L)M, as was proved in Lemma ITTl 
Therefore we have 



(Tl — p \ 
-—^ -cj < ip'{fo)v{fo) 



II- \ ( ri-p\ _ 
< V [ro) c rou (ro) 



n — p \ p — 1 

/ Tl — p \ 

and this implies, dividing by ( ~ '^j l^'(^o)l) that 

Tl — p 

T^ro) + roip'ifo) < 0, 

p-l 

as we required. □ 

The above result is sufficient in order to prove Theorem ll.il but thanks to Proposition 
13.11 it can be extended to the following stronger monotone separation theorem. 

Theorem 4.2. If a G Q L) Af then there exists 5 > such that for a G {a, a + 5), 

u{R{a),a) = 0, 

t{s,a) < t{s,a) and t{s,a)\u{t{s,a),a)\>t{s,a)\u{t{s,a),a)\ 
for every fixed s G [0, uq). // instead, a G {a — 6, a), then 

t{s,a) > t{s,a) and t{s,a)\u{t{s,a),a)\<t{s,a)\u'{t{s,(5i),a)\ 
for every fixed s G [u{R{a) , a) , uq) ■ 
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Proof. We know from Theorem 14. II that there exists 6 > such that 7'o(a) is decreasing 
and ro{a)\u'{ro{a),a)\ is strictly increasing in {a — 6, a + 6). Therefore for a & {a, a + 6) 
we have that 

t{uQ,a) < t{uo,a) < oo and t{uQ,a)\u'{t{uo,a),a)\ > t{uQ, a)\u' {t{uo, a) , a)\, 

and if a G (a — 5, a), then 

t{uo,a) > t{uQ,a) and t{uo,a)\u{t{uo,a),a)\ < t{uo, a)\u {t{uQ, a), a)\. 

The result follows now from Proposition 13.11 □ 

We deduce now the following separation theorem that will allow us to prove the 
uniqueness of radial ground states solutions to (|1.2() . 

Theorem 4.3. If a (z Q then there exists 5 > such that 

{a,a + 6) C M and (a — 5,a) C V. 

Proof. We have from the previous theorem that, for a & {a,a + S), u{R{a),a) = 0, 

R(a) = t{0,a) < t{0,a) < oo 

and 

R{a)\u'{R{a),a)\ > lim_ r\u'{r,a)\ =0, 

SO a must be in M. 

We prove that {a — 6, a) C V by contradiction: let a € {a — 6, a) and assume that 
u{R{a),a) = 0. From the previous theorem we obtain then that 

R(a)\u'(R(a),a)\ < lim r\u'(r,a)\ = 0, 

which clearly cannot be true. □ 

Proof of Theorem \l.l\ Assume by contradiction that there are two different ground 
state solutions, an let ai < ai be their initial values. Let us set 

a = sup{a E (ai, 02) : (ai, ol) C A/"}, 

which is well defined because of the last theorem applied to ai. a cannot be in M nor in 
V since both sets are open, and hence a G ^, but this contradicts the fact that, by the 
last theorem applied to a, there exists a neighborhood below a entirely contained in V . 
This completes the proof. □ 

In order to prove Theorem 11.21 we establish next the following monotonicity result. 

Theorem 4.4. If a G Q V} M then a G for a > a and R{a) = t(0, a) is strictly 
decreasing in [a, 00). 

Proof. By Theorem 14.21 there exists 5 > such that R{a) is strictly decreasing and 
R{a)\u' [R[a) , a)\ is strictly increasing for q G [a,a + 5). This implies, as in the proof 
of Theorem 14.31 that (q, a + (5) C TV. Let us set 

ai = sup{a > a : (a, a) C M}. 

If «! were finite, qi cannot be in M nor in V because of the openness of both sets, 
and cannot be in Q because of Theorem 14.31 we conclude that ai must be infinite. The 
monotonicity of R{a) for a G [a, 00) follows using Proposition 13. II and the compactness 
of [01,02], Ol > a, completing the proof. □ 
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Proof of Theorem I j.M . It follows directly from Theorem 14.41 □ 

a € Af, we 

E{R{a),a) 



Finally, we note that if a € Af, we can write 

t{0,a)P\u'{t{0,a))\P 



p't{0,a)PK{t{0,a)) 

which is strictly increasing in a by Theorems 14.21 and 14.41 This is consistent with the 
fact that E{R(a),a) is negative for a gV, equals zero when a £ G and is positive for 
a S M, considering that the initial values in V are below and initial values in M are 
above the initial value of the ground state solution, in case it exists. These properties 
suggest that it can be considered that E(R{a),a) quantifies how crossing a solution is, 
and how far it is from the unique ground state solution. 

5. Concluding remarks and examples 



We end this article with some remarks and examples that illustrate our result. 

First of all, we mention that Theorem 5.7 and Corollary 5.8 in concerning the 
support of ground states, continue to hold in this case. That is, if u{-,a) is a ground 
state, then R{a) < oo if and only if 

du 

< oo. 



Indeed, assumption (Ki) implies that all assumptions needed in |^ for the weights to 
prove this result are satisfied, and since these results are independent of the superlinear 
growth of /, they follow. 

We end this section with some examples. A typical example of an equation of the 
form ()1.5(1 . is the Matukuma equation, namely 

(5.1) Au + ^^^=0, n>2, a>0. 

Another example is the equation 

r"^ f(u) 

(5.2) An+^^-^-^.:^ = 0, n > 2, a > 0. 

Equation 1)5. 2|) was first introduced in 1 , as a model of stellar structure. As a main 
example, we consider the following equation which includes as special cases both dSU 
and (|^ : 



(5.3) 



(I \s \ cr/s 
, ) f(u) = 0, in M^, N>1, 
1 + \x\^ J 



keR, leR, s > 0, a > 0. 

Here 

a(r) = r^+fe-i, b{r) = r^+'-^ ' ' 



1 + r' 



We claim that {'wl)-{w2) are satisfied if 

(5.4) N + k>p and I > k - p. 
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' iV+fc-l 

Indeed, under the first in H5.4|) we have that o (s) = s ^-p belongs to L (l,oo) \ 
L^(0, 1) and thus (wi) is satisfied. In this case 

JV+fc-l p — 1 N+k-p 

h(r) = s i-p ds = r i-p 

Jr N + k-p 

Also, from the second in H5.4() . we obtain that A^ — 1 + | + ^ > N + k — p, and thus 
using the first in H5.4|) we obtain that 



la' lb'' 

+ -T 

pa p 



h , A: £ a 1 \ p-1 

— = [N -1 + - + - + - ' 



\h'\ \ p p' p'l + r^jN + k— p 

is decreasing as o" > 0, s > 0, and tends to 

.r . k e\ p-1 

N-1+-+ * 



p p' J N + k — p 

as r — > oo. Since this quantity is greater than or equal to p — 1, we see that {W2) is 
satisfied. 

Finally we mention that our assumptions also cover weights of the form 

K{r) = /expf ) nearr = 0, A:(r) = / log"(l + r). 



2 

with 9 > —p and a > 0. Indeed, (Ki) is clearly verified since 

rK'{r) ^ ^ ^, 

p H — = p + + \ log(r) near r = 0, 
K{r) 

rK'ir) r 
K\r) (1 + r) log(l + r) 

respectively, are decreasing functions. It should be noted that in the first case, 

rK'(r) 
lim = 00. 

r^0+ K{r) 

On the other hand, for the second example 

r->oo K{r) 

hence {Ki) is satisfied for 9 > —p and a > 0. 

As for the nonlinearities / that we can cover, we mention the canonical example 

f(u) = u''^ - u'^^ with < 52 < P - 1 < gi- 
6. Appendix 

Existence of and ■^r'"'^^(f>p{u'). This section is devoted to the proof of Lemma 
12.21 The proof of this lemma is very similar to the corresponding one given in ;6^, but 
since it involves delicate computations due to the degeneracy of the operator Ap when 
p 2, (because u'{0) = 0), we give it in detail. Let r € [0,r*], with r* < ro(a). In order 
to prove Lemma l2.2| we use the change of variables introduced in j22j: Set 

t{r):= [ K^IP{s)ds, v{t):=u{r). 



UNIQUENESS OF GROUND STATES 19 

By assumption (Ki), K^/p G L^O, 1) \L^{l,(x>), thus t(0) = 0, t(oo) = oo, and 
r'^~'^ K^/^' {r)(j)p{vt{t)) = r"^^^ (j)p{u' {r)) , where from this point on we use the subscript t 
to denote the derivatives with respect to t. Hence, setting q{t) := r^~^{t)K^^^' {r{t))^ we 
see that v satisfies t>(0) = a, and ff(0) = 0. Indeed, from assumption (i^i), 

(6 1) ,M^Un^ rm'{r{t)) ^ I 

^ ' q{t) p>\p-V K{r{t)) ) r{t)K^IP{r{t)) ' 

hence as n > p we have that > in (0, oo). Thus, from the equation H1.8|) . using first 
that hm q{t)cj)p{vt{t)) = hm r"^-^ (i)p{u' {r)) = 0, we find that for any i > 0, 

(6.2) U\vtm) = 4t f q{s)f{v{s))ds < ^ f q{s)ds 



Q{t) Jo Qit) Jo 

and thus (pp{\vt{t)\) < f{a)t, implying that vt{0) = 0. Consequently, v satisfies the initial 
value problem 

.gg. -{q{t)\vtr\)t = q{t)f{v), t>0, 

v{0) = a, vtiO) = 0. 

Also, for any < t < t* = t{r*), 

/I /■* \V(p-i) /I /■* \i/(p-i) 

(6.4) \vt{t)\ = 1^ q{s)f{v{s))ds) > g(.)(i.) 



where = {f{v{t*)))^/^P~^^ > 0. 

Let {/in} C M be any sequence such that lim /i„ = 0, and let us set 

n—*oo 

4>p{vt{t, a + K)) - (t>p{vt{t, a)) 
hn 

vt{t,a + hn) - vtit,a) 
hfi 

v{t, a + hn) — v{t, a) 
hn 



* , sf{v{s,a + hn)) - f{v{s,a)) 
q[s) — — (/?„(s, a)ds 



(6.5) 


@n{t,a) 


(6.6) 


ipn{t,a) 


(6.7) 


fn{t,a) 


Clearly, 




(6.8) 
and 




(6.9) 





v{s, a + hn) — v{s, a) 



(Pn{t,a) = 1 + / iJn{s,a)ds. 
Jo 

From the mean value theorem, we see that there is A E [0, 1] such that 

|e„(i,a)| = {p - l){X\vt{t,a + hn)\ + (1 - X)\vt{t,a)\)P-^\Mt,a)\, 
hence, using ()6.2() and (|6.4|) . we conclude that for all t € {0,t*], 

(6.10) C,{^)''-''''''-'\Mt.a)l < |e„(t,a)| <C.(||)"-^""-'V.(*.«)l 



20 M. GARCIA-HUIDOBRO AND DUVAN A. HENAO 

for some positive constants Ci, C2, where we have set Q{t) := fQq{s)ds. Using now 
(/2), ^M, (EH) and (IFrrnjl . we find that 

n{t,a)\<C3(^) ^(1+/ \Ms:a)\ds), 



^ qit) ' q[t) JO 

implying that 

(6.11) \Mt,a)\<C3tP'-\l+ f\Ms.a)\ds). 



It follows now from Gronwall's lemma that ipnit^ct) is uniformly bounded in [0, f*], and 
thus from (|6.8p and (|6.9|) also a), -g^ipnit, a), and Qn{t,a) are uniformly bounded 
in [0,t*]. Also, since 

d , , f{v{t,a + hn)) - f{v{t,a)) 

-^On{t,a) = — — — ipn{t,a) 

at v[t,a + hn) — v[t,a) 

(lt{t) /■* f{v{s,a + hn))-f{v{s,a)) 

— 277\ / ^V'S 7 7 ^ (Pn{s,a)ds, 

Q {t) Jo v[s,a + hn)-v{s,a) 

we find that 



|e„(,„)|<c.(i + ||: 



From (|6.1() . we see that 



qit) p'\p-l^ K{r{t)) J r{t)K^/P{r{t))' 
Also, from (Ki) and the fact that (p + rK' [r) / K{r))K'^/P = p{rK^/'P)' , we obtain that 

pTK^IP{r) > (p+ J\yPir)dT, 

and thus 

tqtjt) ^ p/n-1 r{t)K'{r{t)) ^/ r(t)i^^(r(t)) x -1 
q{t) - p'\p-V K{r{t)) )V K{r{t)) ) 
, / rit)K'(r{t))\-^ 

s '"-">("+ Km) ) 

Since the last term in this inequality is increasing by (i^i), we conclude that tqt/q is 
bounded in [0, t*]. 

Hence, from Arzela-Ascoli's Theorem, we conclude that (^„(-, a) and Gn(-, a) converge 
uniformly in [0, i*] (up to a subsequence) to continuous functions ip{-,a) and @{-,a) 
respectively. Moreover, by Lebesgue's dominated convergence theorem, it holds that 

1 /•* 

-e(t,a) = — — / q{s)f'{v{s,a))ip{s,a)ds. 
<lV'> Jo 



On the other hand, using that 



Quit, a) = — — J- — ^ ipn{t,a) 

vt{t,a + hn) - vt[t,a) 
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we deduce that for each t G (0,t*], 

Q(t,a) , , 

hence again by Lebesgue's dominated convergence theorem we obtain that 

(6.12) (^(t,a) = l+ / V(s,a)c?s. 

Jo 

We will see next that the solution to 

1 

WiJo 



1 r 



(6-13) ^ 

a) = H / Q{s,a)\vt{s,a)\^ ^ds, 



is unique, and therefore the complete sequence {ipn} converges to y?, and the complete 
sequences {6„}, {tpn} converge to and ip respectively. Indeed, the only delicate case 
for the uniqueness is p > 2, so let us assume that p > 2 and that ()6.13|) has two solutions 
(991,61) and ((^2, ©2)- Substracting the two corresponding equations we obtain that 

-{@i{t,a) - Q2{t,a)) = —r- / q{s)f'{v{s,a)){ipi{s,a) - ip2is,a))ds 



(6.14) fJ'' 

ipi{t,a) - ip2{t,a) = / {@i{s,a) - @2{s,a))\vt{s,a)f ^ds. 



p — 1 

Using 1)6.2(1 to bound \vt\ and the fact that Q{t) < tq{t) for all t > 0, we find from the 
second equation in (|6.14|) that 



(6.15) \^i{t,a)-^2{t,a)\<Ci |ei(s, a) - 62(5, a)|s(2-P)/{P-i)cis, 

Jo 

for some positive constant Ci. Also, from the first equation in (|6.14|) we see that 

|Gi(s,a) - 62(5, a)| < C2||(/7i(-,a) - ip2{-,a)\\[o,t\s, 

for some positive constant C2, where we have denoted 

||((i?i(-,a) - (/?2(-,a)||[o,t] = sup \ipi{s,a) - ip2{s,a)\, 

se[o,i] 

and therefore, replacing into ()6.15j) we obtain 

(6.16) \ipi{t,a)-^2{t,a)\ < C3I |(^i(-, a) - (^2(-, a)| |[o,t]t^', 

for some positive constant C3. We conclude then that if t is small enough, for example 
t G [0,i], with C3?'/(P-i) < 1/2, then ifi = 992 in [0,t]. The fact that ^pi = ip2 in [0,t*] 
follows from the standard theory of ordinary differential equations, so we omit it. 

Since these arguments apply to every sequence 0, it follows that v and (j)p{vt) 

are differentiable with respect to a for every t G [0, t*] and their derivatives are respec- 
tively given by 99 and Q. Also, vt is differentiable with respect to a for t G (0, t*] and its 
derivative is given by tl^. 

The rest of the proof is exactly the same as in (SJ : in order to continuously extend the 
functions Q and ip to O, we replace the function / in ()6.3() by / in such a way that 
/ = / in [uq, 00) and / is Lipschitz continuous on [0, 00). We can repeat the arguments 
used above in an interval [d,T] containing Iq = t(ro(a)), with > 0, so that we do not 
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need the estimate (|(i.4j) used to bound from below vt(t) near t = 0. The solution v of the 
new problem satisfies v = v in [6,to). 

The lemma follows by returning to the original variable r: u and K~^/'p 4>p{u') are 
differentiable with respect to a in [0, rg), and these derivatives can be continuously 
extended to [0,ro]; u'{r,a) is differentiable with respect to a in (0,ro) and 

can be continuously extended to [0,ro]. Then, from ()6.12() we conclude that 

r du' 

ip{r,a) = 1 + / -7T-ip,a)dp, 







da 

and hence, (/)'(r, a) = (du' /da){r, a) for r > 0. Thus we obtain that 

and, using (|6.1c{|) . that 

^(r"-Vp(n'(r,a))) = - p^-'K{p)f'{u{p,a)Mp,a)dp 

for r > 0, and thus lim r^^^lu' (r)\^^'^(p' (r, a) = and if satisfies (12.78 in (0,ro]. 
Finally, from it can be seen that f satisfies 

99 r, a - 1 = / u {p, a) -— dp, 

p-1 Jo V P ^\u[P,a)\P ^ J 

and thus, after some computations involving L'Hopital's rule, we obtain that ip is con- 
tinuously differentiable with respect to r at r = 0, and 

du' 
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